


1. Solve the following integrals:

a.)

∫
x2 dx

(1− 4x2)3/2
b.)

∫
2x2 − x+ 9

x3 + 9x
dx

1.a.) Regarding the first one all this is a trig sub into a tricky trig identity.∫
x2 dx

(1− 4x2)3/2
=

∫
(0.5 sin θ)2(0.5 cos θ) dθ

(1− 4(0.5 sin θ)2)3/2
x = 0.5 sin θ

=
1

8

∫
sin2 θ cos θ

(1− sin2 θ)3/2
dθ dx = 0.5 sin θ dθ

=
1

8

∫
sin2 θ cos θ

(cos2 θ)3/2
dθ 1− sin2 θ = cos2 θ

=
1

8

∫
sin2 θ cos θ

cos3 θ
dθ

=
1

8

∫
tan2 θ dθ tan2 θ =

sin2 θ

cos2 θ

=
1

8

∫
sec2 θ − 1 dθ

=
tan θ

8
− θ

8
+ c

=
2x

8
√

1− 4x2
− arcsin(2x)

8
+ c

=
x

4
√

1− 4x2
− arcsin(2x)

8
+ c

1.b.) Regarding the second, this is merely a partial fractions problem with an
simple∫

2x2 − x+ 9

x3 + 9x
dx =

∫
2x2 − x+ 9

x(x2 + 9)
dx

=

∫
A

x
+
Bx+ C

x2 + 9
dx for some A,B,C ∈ R

=

∫
A

x
+

Bx

x2 + 9
+

C

x2 + 9
dx

= A lnx+
B ln|x2 + 9|

2
+
C

3
arctan

(
x

3

)
+ c Integration constant c

Discerning what A,B,C ∈ R we have

2x2 − x+ 9

x3 + 9x
=
A

x
+
Bx+ C

x2 + 9

2x2 − x+ 9 = A(x2 + 9) + (Bx+ C)x

2x2 − x+ 9 = (A+B)x2 + Cx+ 9A

=⇒ 9A = 9 =⇒ A = 1

=⇒ C = −1

=⇒ A+B = 2 =⇒ B = 1

Therefore, we have the solution∫
2x2 − x+ 9

x3 + 9x
dx = lnx+

ln|x2 + 9|
2

− 1

3
arctan

(
x

3

)
+ c



2. Determine whether or not the following improper integrals converge:

a.)

∫ π/6

0

dx

x4 + x2
b.)

∫ ∞
−∞

x dx

2.a) Comparing this to the p-integral∫ π/6

R

dx

x4 + x2
≥
∫ π/6

R

dx

2x2

We know that the R.H.S. diverges as R→ 0+ since p > 1, therefore the integral
on the L.H.S. also diverges.

2.b) For the second one we know that since limx→∞ x 6= 0 the divergence test
says this diverges. Alternatively, try looking at Webwork 5 #7 for inspiration.

3. Compute the arclength of f(x) := x2 − lnx
8

on the interval [1, e8].
First computing the derivative we get

f ′(x) = 2x− 1

8x

This gives the following, after plugging into the arclength formula

∫ b

a

√
1 + (f ′(x))2 dx =

∫ e8

1

√
1 +

(
2x− 1

8x

)2

dx

=

∫ e8

1

√
1 +

(
22x2 − 2

2x

8x
+

1

82x2

)
dx

=

∫ e8

1

√
1 + 22x2 − 1

2
+

1

82x2
dx

=

∫ e8

1

√
22x2 +

1

2
+

1

82x2
dx

=

∫ e8

1

√(
2x+

1

8x

)2

dx

=

∫ e8

1

2x+
1

8x
dx

=

[
x2 +

lnx

8

∣∣∣∣e8
x=1

=

(
(e8)2 +

ln(e8)

8

)
−
(

12 +
ln 1

8

)
= e16 + 1− 1 = e16

4. Compute the surface area of the function f(x) := (x− 2)3 revolved about the
x-axis on the interval [2, 3].
Finding the derivative gives by chain rule we getf ′(x) = 3(x − 2)2. Plugging



this into the formula for surface area we get:

π

∫ b

a

f(x)
√

1 + (f ′(x))2 dx = π

∫ 3

2

(x− 2)3
√

1 + (3(x− 2)2)2 dx

= π

∫ 3

2

(x− 2)3
√

1 + 9(x− 2)4 dx u = 1 + 9(x− 2)4

= π

∫ 10

1

√
u

36
dx du = 36(x− 2)3 dx

= π

[ √
u3

2 · 33

∣∣∣∣10
u=1

=
π
√

103

2 · 33
− π
√

13

2 · 33

=
10π
√

10− π
2 · 33

5. Compute the following integral∫ ∞
0

8e−x

e−2x − 16
dx

This question is most easily seen by first doing a u-sub then following that
up by integration by parts. Since the only problem area we have is the upper
bound, we may compute the integral as an aside first then worry about the
bound later,∫

8e−x

e−2x − 16
dx =

∫
8e−x

e−2x − 16
dx u = e−x

= −
∫

8

u2 − 16
du du = −e−xdx

= −
∫

8

(u− 4)(u+ 4)
du

= −
∫

1

u− 4
− 1

u+ 4
du partial fractions (do it)

= −(ln|u− 4| − ln|u+ 4|) + c

= ln|u+ 4| − ln|u− 4|+ c

= ln|e−x + 4| − ln|e−x − 4|+ c

= ln

∣∣∣∣e−x + 4

e−x − 4

∣∣∣∣+ c



Finally computing the definite integral we have∫ ∞
0

8e−x

e−2x − 16
dx = lim

R→∞

∫ R

0

8e−x

e−2x − 16
dx

= lim
R→∞

[
ln

∣∣∣∣e−x + 4

e−x − 4

∣∣∣∣∣∣∣∣R
x=0

= lim
R→∞

ln

∣∣∣∣e−x + 4

e−x − 4

∣∣∣∣− ln

∣∣∣∣e0 + 4

e0 − 4

∣∣∣∣
= ln

∣∣∣∣ lim
R→∞

e−x + 4

e−x − 4

∣∣∣∣− ln

∣∣∣∣53
∣∣∣∣ If

e−x + 4

e−x − 4
→ c 6= 0

= ln

∣∣∣∣0 + 4

0− 4

∣∣∣∣− ln

∣∣∣∣53
∣∣∣∣

= ln

∣∣∣∣35
∣∣∣∣


